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Abstract: Ancykutty Joseph, On Incidence Algebras and Directed Graphs, IJMMS, 

31:5(2002), 301-305, studied the incidence algebras of directed graphs. We have extended it 
to undirected graphs also in our earlier paper. We established a relation between incidence 
algebras and the labelings and index vectors introduced by R.H. Jeurissen in Incidence Ma- 
trix and Labelings of a Graph, Journal of Combinatorial Theory, Series B, Vol 30, Issue 3, 
June 1981, 290-301, in that paper. In this paper, we extend the concept to graph structures 
introduced by E. Sampathkumar in On Generalized Graph Structures, Bull. Kerala Math. 
Assoc., Vol 3, No. 2, Dec 2006, 65-123. 

Key Words: Graph structure, i?i-labeling, A,- index vector, labelling matrix, index matrix, 
incidence algebra. 

AMS(2010): 05C78, 05C50, 05C38, 06A11 



§1. Introduction 

Ancykutty Joseph introduced the concept of incidence algebras of directed graphs in [1], She 
used the number of directed paths from one vertex to another for introducing the incidence 
algebras of directed graphs. Stefan Foldes and Gerasimos Meletiou [10] has discussed the 
incidence algebras of pre-orders also. This motivated us in our study on the incidence algebras 
of undirected graphs in [8] . We used the number of paths for introducing the concept of incidence 
algebras of undirected graphs. We also established a relation between incidence algebras and 
the labelings and index vectors of a graph as given by Jeurissen [12] (based on the works of 
Brouwer [2], Doob [9] and Stewart [15]) in that paper. 

E. Sampathkumar introduced the concept of a graph structure in [13] as a generalization of 
signed graphs. In this paper, we extend the results of our paper on graphs to graph structures 
and prove that the collection of all i?,-labelings for the collection of all admissible Rj- index 
vectors, the collection of all R t -labelings for the index vector 0 and the collection of all Ri~ 
labelings for the index vector Xiji, (Aj G F, F, a commutative ring ji an all 1-vector) of a graph 
structure G = (V, R±, R 2 , ■ ■ ■ , Rk) are subalgebras of the incidence algebra I(V,F). We also 



1 Rec.eived February 15, 2011. Accepted August 2, 2011. 
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prove that the set of labeling matrices for all admissible index matrices of a graph structure is 
a subalgebra of I(V k ,F k ). 



§2. Preliminaries 

Throughout this paper, by a ring we mean an associative ring with identity. First We go through 
the definitions of commutative ring, partially ordered set, pre-ordered set etc. The following 
definitions are adapted from [16]. 

Definition 2.1 A (left) A-modide is an additive abelian group M with the operation of (left) 
multiplication by elements of the ring A that satisfies the following properties. 

(i) a(x + y) = ax + ay for any a £ A,x,y £ M; 

(ii) (a + b)x = ax + bx for any aft £ A, x £ M; 

(Hi) ( ab)x = a(bx) for any aft £ A,x £ M; 

(iv) lx = x for an x £ M . 

By an 4-module, we mean a left 4-module. 

Definition 2.2 A set {xi,X 2 ,---,x n j of elements of M is a basis for M if 

(i) a\X\ + 02 X 2 + ... + a n x n = 0 for at £ A only if a i = 02 = ... = a n = 0 and 

(ii) M is generated by {xi, X 2 , x n }, i.e., M is the collection of all linear combinations 
of {xi, X 2 , ••., x n } with scalars from A. 

A finitely generated module that has a basis is called free. 

Definition 2.3 An algebra A is a set over afield K with operations of addition, multiplication 
and multiplication by elements of K that have the following properties. 

(i) A is a vector space with respect to addition and multiplication by elements of the field. 

(ii) A is a ring with respect to addition and multiplication. 

Hi. (Xa)b = a(Xb) = X(ab) for any X £ K, aft £ A. 

A subset S of an algebra A is called a subalgebra if it is simultaneously a subring and a 
subspace of A. 

Definition 2.4( [14] ) A set X with a binary relation < is a pre-ordered set if < is reflexive 
and transitive. If < is reflexive, transitive and antisymmetric, then X is a partially ordered set 
(poset). 

E. Spiegel and C.J. O’Donnell [14] defined incidence algebra as follows. 

Definition 2.5( [14] ) The incidence algebra I(X,R ) of the locally finite partially ordered set 
X over the commutative ring R with identity is I(X,R) = {/ : X x X — > R\f(x,y) = 
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0 if x is not less than or equal to y} with operations given by 

{f + g)(x,y) = f(x,y) + g(x,y) 

(f.g)(x,y) = Y f( x ’ z )-d(z,y) 

x<z<y 

(r.f)(x,y) = r.f(x,y ) 

for f,g £ I ( X , R) with r £ R and x,y,z£X. 

Ancykutty Joseph [1] established a relation between incidence algebras and directed graphs. 
The incidence algebra /(G, Z) for digraph without cycles and multiple edges (G, <) representing 
the finite poset (V, <) is defined in [1] as follows. 

Definition 2.6( [1] ) For u,v £ V, let pk{u,v) denote the number of directed paths of length 
k from u to v and Pk(v, u ) = — pk{u , v). For i = 0, 1, • • • , n — 1, define ft, f* : V x V — > Z 
by fi(u,v ) = Pi(u,v), ff(u,v) = — Pi(u,v ). The incidence algebra I(G,Z) of (G, <) over the 
commutative ring Z with identity is defined by I(G , Z) = {/j, f* : V x V — > Z, i = 0, 1, ..., n — 1} 
with operations defined as 

(i) For f g,(f + g)(u , v) = f(u, v ) + g(u, v); 

{ii) ( f.g)(u , v) = Y /( u > w ) 9 (w, v); 

W 

{Hi) (. zf)(u , v) = z.f(u, v)Vz £ Z;f,g £ I(G, Z). 

In [10], Stefan Foldes and Gerasimos Meletiou says about incidence algebra of pre-order as 
follows. 

Definition 2. 7( [10] ) Given a field F , the incidence algebra A(p) , of a pre- ordered set (S, p), S = 
{1, 2, ..., n} over F is the set of maps a : S 2 — > F such that a(x, y) = 0 unless xpy. The addition 
and multiplication in A(p) are defined as matrix sum and product. 

Replacing field F by a commutative ring R with identity and following the definition of 
Foldes and Meletiou[10], we obtained in graphs [8] an analogue of the incidence algebra of a 
directed graph given by Ancykutty Joseplr[l], 

Theorem 2. 1 ( [8] ) Let G = (V,E) be a graph without cycles and multiple edges with V and E 
finite. For u,v £ V, let fi(u,v ) be the number of paths of length i between u and v. Then {/, } 
is an incidence algebra of (G,p) denoted by I(G,Z) over the commutative ring Z with identity. 



§3. Graph Structure and Incidence Algebra 

We recall some basic definitions on graph structure given by E. Sampathkumar[13]. 

Definition 3. 1 ( [13] ) G = (V, R\, R 2 , ■ ■ ■ , Rk) is a graph structure ifV is a non empty set and 
Ri , i? 2 > ■ ' ' , Rk are relations on V which are mutually disjoint such that each Ri, i = 1, 2, • • • , k, 
is symmetric and irreflexive. 
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If (u,v) £ Ri for some i, 1 < i < k, (u,v) is an Ri-edge. Ri-path between two vertices u 
and v consists only of Ri- edges. G is R 1 R 2 ■ ■ ■ Rk connected if G is Ri - connected for each i. 

We define Ri r i 2 -.i r - path, 1 < r < k, in a similar way as follows. 



Definition 3.2 A sequence of vertices Xo-Xi, ■ ■ ■ , x n ofV of a graph structure G = (V, R±, R 2 , 
••• , Rk) is an R llV2 ...i r -pa,th,l < r < k, if R^, Rt 21 ■ ■ ■ ,Ri r are some among Ri,R 2 ,--- ,Rk 
which are represented in it. 

Note that the above definition matches with the concepts introduced in [4] by the authors. 



Theorem 3.1 Let ff(u,v) be the number of Ri- paths of length j between u and ff*(u,v) = 
—ff(u, v). I Ri ( G , Z) = {ff , ff* : V x V — > Z, i = 0, 1, ..., n — 1} is an incidence algebra over Z . 



Proof Let ff and ff be i?.;-paths of length r and s respectively. For ff ^ ff £ Ip t (G, Z), 
define {{ff + ff){u, v)) = number of i?,-paths of length either r or s between u and v= ff(u,v) + 
ff(u,v). Then 



(fi-fi)(u, v) = number of i?,-paths of length r + s between u and v 
= E f[{u,w)ff{w,v). 

w : (u ,w) £ Ri ,{w ,v) £ Ri 

(. zff)(u,v ) = z.ff(u,v)Vz £ Z-ff,ff £ Ip^G^Z) (The operations are extended in the 
usual way if either or both are elements of the form ff*). 

So Ip t (G, Z) is an incidence algebra over Z. □ 

Note 1. We may also consider another type of incidence algebras. Let fl ll2 ...i r (u, v) be the 
number of Ri^...^ paths of length l between u and v and 4 (u, v) = — f\ 4 ^ (u, v). Then 
Ihi a -i r (V,Z) = {/i li2 ...j r ,/i*j 2 ...i r : V x V -> Z,i = 0, 1, • • • ,n - 1} with operations defined as 
follows is another subalgebra over Z. 



(i) (/ixia-v + f™i 2 -i r )( u , v ) = flrh -iM' V ) + 



(H) ifi 






E ; 

w:(u,w),(w,v)dz u Ri 






■i r {^w)fff i2 ... ir {w,v). 



(***) {zfi li2 ... ir ){u,v) = z.f l iii2 ... ir {u,v)Vz £ Z-fl ii2 ... irl fff i2 ... ir £ I ili2 ... ir (G,Z). (The 
operations are extended in the usual way if either or both are elements of the form ff*). 

Thus I ili 2 ... ir (y, Z) is an incidence algebra over Z. 



Note 2. Another possibility is to consider a subalgebra consisting of various paths of the type 
Ri 1 i 2 -.-i r with all of ii *2 ■ • • i r being different from J 1 J 2 • • • j s for any two u — v paths firh-.-ir and 
fiih-js- Let f l hl 2 ... lr JZ m2 - ms be Ri x i 2 ...i r and Rj 1 j 2 ... ^ -paths of length l and m respectively. 
Define 



{fi li2 ---i r +fjf j2 ... js ){u, v ) =/' 






(u, v) + f ff 






(u,v) 
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(f j 

l\l 



.ft 

- ' Jlj2 ' 



){u,v) = 



E 






w:(u,w),(w,v)dz u Ri 



( Z fhl 2 -l r )( U > V ) = Z -fl 1 l 2 ...l r ( U ’ V )’ 
I pa th(V,Z) = {f,f*:VxV^Z}, 



where / is an -Rj 1 i 2 ...j r -path, * 1 , * 2 » • • • dr € {1,2,- •• , k},l < r < k and /* = — /. (The 
operations are extended in the usual way if either or both are elements of the form /*). 

Thus Ipathiy i Z) is an incidence algebra over Z. 



§4. i?, -labelings and Incidence Algebra 

Now consider I?, -labelings and I?j-index vectors of G. We recall the concepts of I?, -labelings 
and I?j-index vectors introduced in [5] . 

Definition 4.1 ([5]) Let F be an abelian group or a ring and G = (V, Ri, f? 2 , • • • , Rk) be a graph 
structure with vertices Vo,Vi, ■ • ■ ,v p ~i and qi number of Ri- edges. A mapping r^ : V — > F is 
an Ri-index vector with components ri{vo), 'Tj(ui), • • • = 1,2, ,k and a mapping 

Xi : Ri — > F is an Ri-labeling with components Xi(ej ), ajj(ef), • • • , ar»(e|*), i = 1, 2, • • ■ ,k. 

An Ri -labeling Xi is an Relabeling for the Ri-index vector iffri(vj) = Xi(e r ), where 

e r eE{ 

Ej is the set of all Ri-edges incident with Vj. Ri-index vectors for which an Relabeling exists 
are called admissible Ri-index vectors. 

Now we prove some results on /?, -labellings and incidence algebras. For that, first we recall 
the operations of addition and scalar multiplication mentioned in [5]. 

(' r i + r i)( v i ) = r H v i) + r i( v j)i 

(f r i)( v i) = f r H v i ). 

(xj + Xi){ej) = xj(ej) + 

(fxj)(ej) = fx\{ej). 

Now we define multiplication as follows. 

Definition 4.2 Let rj , rf be Ri-index vectors and x],xf be Relabelings of a graph structure 

G= (V,R 1 ,R 2 ,--- ,Rk). 

( rj- r i)(vi ) = E r l( v i) r i( v s) 

s:(vi,v s )GRi 

(xj.Xi)(vi,v m ) = 2. x\ (vi, v s )Xi (v s , v m ) (Multiplication by 2 is to ad- 

s:(vi,v s )£Ri,(v s ,v m )£Ri 

just the duplication due to symmetric propeRy of Ri-edges). 

Now we prove that with respect to these operations, the set of all /?, -labelings for all 
admissible /? ,-index vectors is a subalgebra of the incidence algebra I(V,F). 
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Theorem 4.1 The set of Ri-labelings for all admissible Ri-index vectors of a graph struc- 
ture G = (V, Ri, i? 2 , • • • , Rk) is a subalgebra of lL(Ai)(V, F) where Ai is the collection of all 
admissible Ri-index vectors. 

Proof Let lL(Ai){V,F) be the collection of Relabelings for elements of A j. Let xj,xf G 
I L(Ai ){V,F). Then there exist rf,rf G F such that 

rlivj) = x i( v j> v p) and rf(vj) = ]T xf(vj,v p ). 

p:(vj,v p )eRi p:(vj,v p )eRi 

( r i+rf)(vj ) = r\{vj) +r l 2 )(u j ) = ^ x\{vj,v v ) + ^ x?{vj,v p ) 

p.(vj ,v p )eRi p:(vj,v p )£Ri 

= ( x l + x i)( v P v p)- 

P-(vj,v p )GRi 

Therefore x] + x? is an .Relabeling for (rj + rf , i.e., x\ + x? G lL(Ai){V, F). 

{ri 1 .ri)(v j ) = r i(vj) r i{v s ) 

s:(vjV s )£Ri 

= X i( V j’ V l) x i( v s,Vm )] 

s:(vjV s )€Ri l:(vjVi)£Ri m:(v s Vm)£Ri 

= 2. x\{vj,v s )x 2 i (v s ,v rn ) 

s:(vjV a )£Ri m:(v s v m )£Ri 

= ( X i X i)( V P V n) 

n:(vj v n )€Ri 

Therefore xj.xf is an Relabeling for rj.rf. i.e., xj.x f G lL(Ai)(V>F). 

(f r i)( v j) = f-r\ ( Vj ) 

= /• X! ** ( v ji v n) 

n:(vj Vn)(zRi 

= f X i( V i’ V n) 

n:(vj v n )£Ri 

= (f X i)( V P V n) 

n:(vj v n )€Ri 

i.e., fx] G lL( Ai )(V> F). Hence lL( Ai ){Y-,F) is a subalgebra of I(V,F). □ 

For the next few results, we require results from our previous papers [5] and [7]. 

Theorem 4.2([5]) If F is an integral domain, the Relabelling of G for the Ri-index vector 0 
form a free F -module. 

Theorem 4.3([7]) Let F be an integral domain. Then Si(G), the collection of Ri-labelings for 
Xiji, X i G F,ji an all 1-vector, is a free F -module. 

Theorem 4.4 The set of Ri-labellings for Xiji, A,: G F,ji an all 1 vector of a graph structure 
G = (V, Ri, R 2 , • • • , Rk) forms a subalgebra of the incidence algebra I(V, F). 
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Proof Let F) be the collection of i?,-labelings for Ajjj. Let xj,xj G I L ( Xi )(y, F). 

Then there exist X ] , A? G F such that 

\ 1 (^)= Y X i( V T V p) and X i( V j) = Y X ii V 3’ V p)- 

p:(vjV p )eRi p-(vjV p )GRi 

By Theorem 4.3, A iji is an F- module. Hence it is enough if we prove that xj.x 2 is an i?i-labeling 
for (A*. A 

( A i -Af )(^j) = Y X i( v i) X i( v s) 

s:(vjV s )£Ri 

= Y t Y x i( v o’ v 0 Y x?(v a ,v m )\ 

s:(vjV s )(zRi l:(vjVi)£Ri m:{v s Vm)^Ri 

= 2 . Y x}(vj,v 8 )x?(v s ,v n ) 

S:(VjV s )(zRi,( v sVn)€Ri 

= Y ( X i X i)( v j, v n ) 

n:{vjV n )£Ri 

Therefore ajJ.arf is an i?.j-labeling for Xj.Xj = Xj. i.e., xj.x 2 G lL(\i)(V,F). Hence Il(a 4 )(X,F) 
is a subalgebra of I(V, F). □ 

Theorem 4.5 The set of Ri-lahelings for 0 of a graph structure G = ( V , i?i, i? 2 , ■ -Rfc) forms 
a subalgebra of the incidence algebra I(V,F). 

Let 7_L(0j) be the collection of all F,-labelings for 0. By Theorem 4.2, the collection is an 
F-module. So it is enough if we prove that xj.x 2 G 7 i ( 0i )(H, F)Vxj, x 2 G (F, F). 

= 2 - I Y xj{vj,v s )x 2 (v s ,v n )} 

n:(vjV n )£Ri n:(vjVn)£Ri s:(vjV s )^Ri,(v s Vn)^:Ri 

= Y ( t; j> ,y »)[ Y x i( v s’ v ™)\ 

s:(vjV s )€Ri n:(v s v n )€Ri 

= Y xl{vj,v a ).0{v s ) 

s:(vjV s )€Ri 

= o 

Therefore xj.x \ is an i?.j-labeling for 0. ie. , xj.x 2 G I L ( 0i )(V, F). So I L ^(V,F) is a subalgebra 
of I{V,F). □ 

§5. Labeling Matrices and Incidence Algebras 

We now establish the relation between labeling matrices and incidence algebras. For that first 
we recall the concepts of labeling matrices and index matrices of a graph structure introduced 
by the authors in [6] . 

Definition 5.1 ([6]) Let F be an abelian group or a ring. Let Ri be an Ri-index vector and Xi 
be an Ri-labeling for i = 1, 2, • • • , k. Then 
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x\ 0 
0 X2 0 
0 . 

X = 

0 0 . 

is a labeling matrix and 

r\ 0 
0 r 2 0 
. 0 . 



0 0 




is an index matrix for the graph structure G = (V, R\, R 2 , ■ ■ ■ ,Rk)- 



Ri 

Ra 

—y ]? k 



R k \ 

is a labeling for r : V k — > F k if Xi(m ) = r,;( x s ) for s = 0, 1, • • • ,p — 1; * = 1, 2, • • • , k. If 

m&E s 

ri is an admissible Ri-index vector i = 1, 2, • • • , k, then r is called an admissible index matrix 
for G. 

Now we establish some relations between these and incidence algebras. 

Theorem 5.1 The set of labeling matrices for all admissible index matrices of a graph structure 
G = (V, Ri, R 2 , ■ ■ • , Rk) is a subalgebra of I (V k , F k ). 

Proof Let lL(A){V k , F k ) be the set of all labeling matrices for the elements of A, the 
set of all admissible index matrices. Let £ 1 , 2:2 € I L(A)iV k 1 F k ) . Then xj,xf G lL(Ai)(V, F), 
the set of all .R^-labelings for the elements of the set A, of all admissible i?,-index vectors 
for i = 1,2, ••• ,k. Then as proved in Theorem 4.1, xj + xf, xj.xf , fxj € lL(Ai)(V, F) where 
/ G F. Hence x 1 + x 2 , x l .x 2 , fx 1 are labelings for some r 1 + r 2 , r 1 .r 2 , fr 1 respectively, i.e. , 
x 1 +x 2 ,x\x 2 Jx 1 G I L (A){y k i F k ). So I L ( A) (V k ,F k ) is a subalgebra of I(V k ,F k ). □ 
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Theorem 5.2 The set of labeling matrices for A J with 





Ai 


0 . . 


. . 0 




jl 


0 . 


. . 0 




0 


A 2 0 


. . 0 




0 


32 0 


. . 0 


A = 






. . 0 


, J = 






. . 0 
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1 

0 




0 


0 . 


1 

-se 

O 



ji, an all 1-vector for i = 1,2 , k of a graph structure G = (V, R\, R 2 , ■ ■ ■ , Rk) is a subalgebra 
of I(V k ,F k ). 

Proof Let Il(A) (Y k , F k ) be the set of all labeling matrices for the index matrix A. Let 
Xi,X 2 G I L (A)(V k ,F k ). Then xj,x 2 G lL(\i)(V, F), the set of all i?,-labellings for A* for i = 
1, 2, k. Then as proved in Theorem 4.4, xj+x 2 , xj.x 2 , fxj € /l(a«)(^i F) where / € F. Hence 
x 1 + a; 2 , ad.a; 2 , fx 1 are labelings for A 1 + A 2 , A 1 . A 2 , /A 1 respectively, i.e., 2 1 + x 2 , a f.x 2 , fx 1 G 
lL(A)(V k ,F k ). So I L (A)(V k ,F k ) is a subalgebra of I{V k ,F k ). □ 

Theorem 5.3 The set of labeling matrices for 0 of a graph structure G = ( V , i?i, R 2 , ..., Rk) is 
a subalgebra of I (V k ,F k ). 

Proof Let I , F k ) be the set of all labeling matrices for the index matrix 0. Let 
X\,X2 G lL(o)iy k 1 F k ). Then xj,x 2 G lL(0i)(V,F), the set of all R,-labelings for 0 for i = 
1,2 ,...,k. Then as proved in Theorem 4.5, xj + x 2 , xj.x 2 , fxj G /l(o < )(V, F) where / G F. 
Hence x 1 + x 2 ,a : 1 .x 2 ,fx 1 are labelings for 0 + 0 = 0, 0.0 = 0, /0 = 0 respectively, i.e., x 1 + 
cc 2 , cc 1 .a; 2 , fx 1 G Ll( o(V k , F k ). So d L ( 0 )(V fc , F k ) is a subalgebra of I{V k , F k ). □ 
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§1. Introduction 

Graphs considered here are finite, simple and undirected. The symbols V(G) and E(G ) will 
denote the vertex set and edge set of a graph G. Terms not defined here are used in the sense 
of Harary [2] and Gary Chartrand [1]. Two Graphs Gi and G 2 are isomorphic if there exists 
a one-to-one correspondence / from V(Gi) to VXG 2 ) such that uv G E(G 1 ) if and only if 
f(u)f(v) £ E(G 2 )- By a coloring of a graph, we mean an assignment of colors to the vertices 
of G such that adjacent vertices are colored differently. The smallest number of colors in any 
coloring of a graph G is called the chromatic number of G and is denoted by %(G). If it is 
possible to color G from a set of k colors, then G is said to be fc-colorable. A coloring that uses 
fc-colors is called a fc-coloring. 



§2. Ideal Graph of a Graph 

In this section, we introduce ideal graph of a graph. We can analyze the properties of graphs 
by using ideal graph of a graph, which may be of smaller size than the original graph. 

Definition 2.1 For a graph G with sets of cycles, 2zf of longest paths with all the internal 
vertices of degree 2, and U Ctf, V C. Jz? , its Smarandachely ideal graph I^’ V (G) of the graph 



1 Rec.eived February 23, 2011. Accepted August 10, 2011. 
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G is formed as follows: 

(i) These cycles and the edges lying on a cycle in U or \ U will remain or not same in 
Smarandachely ideal graph I d ’ v (G) of G. 

(ii) Every longest u-v path inV or Jf\V is considered as an edge uv or not in Smarandachely 
ideal graph I d ’ V (G) ofG. 

Cg eg 

Particularly, if U = and V = 2z? , i.e., a Smarandachely I d ’ ( G ) of G is called the ideal 
graph of G, denoted by Id(G). 

Example 2.2 Some ideal graphs of graphs are shown following. 



1 . 



2 . 



• • 

V\ v 2 



V3 



V4 



G 




Vl 



V 4 

I d (G) 




Definition 2.3 The vertices of the ideal graph Id{G) are called strong vertices of the graph G 
and the vertices, which are not in the ideal graph Id{G) are called weak vertices of the graph G. 

Definition 2.4 The vanishing number of an edge uv of the ideal graph of a graph G is defined 
as the number of internal vertices of the u-v path in the graph G. 

We denote the vanishing number of an edge e of an ideal graph by i>o(e). 

Remark 2.5 ft is possible to get the original graph G from its ideal graph Id(G) if we know 
the vanishing numbers of all the edges of Id(G). 

Definition 2.6 The vanishing number of the ideal graph of a graph G is denoted by Vu and is 
defined as the sum of all vanishing numbers of the edges of Id(G) or the number of weak vertices 
of the graph G. 

Definition 2.7 The ideal number of a graph G is defined as the number of vertices in the ideal 
graph of the graph G or the number of strong vertices of the graph. It is denoted by pid- 

Example 2.8 A graph with its ideal graph is shown in the following. In this graph, the ideal 
number of the graph G is 6. (i.e. pid = 6). Also, in the ideal graph, the vanishing number of 
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the edges are vq(uiU 2 ) = Vo{u 2 Ug) = Vo(uiU§) = Vo(u 4 Ug ) = 0 and vo(u 2 U 4 ) = vo(u 4 Ug) = 1. 
The vanishing numbered) of the ideal graph I d (G) is 2. 




U2 «3 U4 

G 

u 5 




Ui U 2 u 4 

Id(G) 



The following proposition is obvious from the above definitions. 

Proposition 2.9 Let G be a graph and p = |P(G)|. The following properties are true. 

(i) P = Pid + v id . 

(a) p> p id . 

(in) P = Pid if and only if G = Id{G). 

Proof Proof follows from the Definitions 2.1, 2.6 and 2.7. □ 

Proposition 2.10 There are ideal graphs following. 

(i) I d (P n ) = P 2 for every n > 2. 

(ii) Id(C n ) = C n , IdiW n ) = W n and I d (K n ) = K n for all n. 

(hi) I d (K h 2 ) = P 2 . 

(iv) I d (K m ,n) = I<m,n except for K i, 2 . 

(v) I d {G) = G if 6 > 3. 

(vi) I d (G) = G if G is Eulerian. 

(vii) I d {I d {G)) = I d (G) for any graph G. 
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Proof Proof follows from the definition of Id{G). □ 

Proposition 2.11 A vertex v of a graph G is a strong vertex if and only if deg (v) < 1 or 
deg(v ) >3 or the vertex v lies in a cycle. 

Proof Proof follows from the definition of Id{G). □ 

Proposition 2.12 If a vertex v of a graph G is a weak vertex, then deg(y) = 2 

proof Proof follows from the definition of Id{G). 

Remark 2.13 Converse of the above proposition is not true. For, consider G 
the vertices of G are of degree 2 but they are not weak vertices. 

§3. Characterization of Connectedness 

In this section, we characterize connected graphs using ideal graph. 

Theorem 3.1 A graph G is connected if and only if Id{G) is connected. 

Proof It is obvious from the definition of Id{G) that if G is connected, then Id{G) is 
connected. Assume that Id(G) is connected. Let u and v be two vertices of G. 

Case i. u and v are strong vertices of G. 

Since Id(G) is connected, there exists an u-v path in Id{G) that gives an u-v path in G. 

Case ii. u is a strong vertex and v is a weak vertex of G. 

Then v is an internal vertex of an u\-v\ path of G where u\V\ is an edge of Id{G). By 
assumption there exists an it-iq path in Id{G). Then the paths u-u\ and u\-v jointly gives the 
path in G between u and v. 

Case iii. Both u and v are weak vertices of G. 

Then u and v are internal vertices of some u\-w\ path and U 2 -W 2 path in G respectively 
such that u\W\ and U 2 W 2 are edges of Id(G). Then there exists an W 1 -U 2 path in Id{G). Then 
the paths UW 1 U 2 V is the required u-v path in G. □ 

Theorem 3.2 A graph G and Id{G) have same number of connected components. 

Proof Proof is obvious from the definition of Id(G) and Theorem 3.1. 

§4. Characterization of Isomorphism 



□ 

= C 3 . Then all 



In this section, we characterize isomorphism of two graphs via ideal graphs. Since trees are 
connected graphs with no cycles, this characterization maybe more useful to analyze the iso- 
morphism of trees. 
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Lemma 4. 1 ( [1] ) If a graph G is isomorphic to a graph G' under a function f, then 

(i) G and G' have same degree sequence 

(ii) if G contains a k-cycle for some integer k > 3, so does G' and 

(Hi) if G contains a u-v path of length k , then G' contains a f(u) — f(v) path of length k. 

Theorem 4.2 If a graph G is isomorphic to a graph G' , then Id(G) is isomorphic to Id(G'). 

Proof Proof follows from Lemma 4.1. □ 

Remark 4.3 The following example shows that the converse of the above theorem is not true. 



• 1 • • 



0 - 






h{G) 



•- 



-• 



#- 






a h{G') 

Here, Id{G) and Id{G') are isomorphic. But G and G' are not isomorphic. 

The following theorem gives the necessary and sufficient condition for two graphs to be 
isomorphic. 

Theorem 4.4 A graph G is isomorphic to the graph G' if and only if I d(G) is isomorphic to 
Id(G') and the isomorphic edges have same vanishing number. 

Proof Assume the graph G is isomorphic to the graph G' . By Theorem 4.2 and Lemma 
4.1, IdiG) is isomorphic to Id{G') and the isomorphic edges have same vanishing number. 
Conversely, assume Id(G) is isomorphic to Id(G’) and the isomorphic edges have same vanishing 
number. If uv and u'v' are isomorphic edges of Id(G) and Id{G') respectively with same 
vanishing number, then the edges uv and u'v' or the paths u-v and u'-v' are isomorphic in G, 
since they have same vanishing number. Hence G is isomorphic to the graph G' . □ 



§5. Characterization of Coloring Property 

In this section, we give one characterization for 2-colorable and study about the relation between 
the coloring of ideal graph and the actual graph. Also, we find an upper bound for the chromatic 
number of a graph. 

Theorem 5.1 A graph G is 2-colorable if and only if I d(G) is 2-colorable. 
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Proof It is obvious from the definition of ideal graph that a graph G has odd cycles if and 
only if the ideal graph Id{G ) has odd cycles. We know that a graph G is 2-colorable if and only 
if it contains no odd cycles. Hence a graph G is 2-colorable if and only if Id(G) is 2-colorable. □ 

Theorem 5.2 The strong vertices of a graph G can have the same colors in G and Id{G) under 
some 2-coloring if and only if all the edges of Id{G) have even vanishing number. 

Proof Assume that the strong vertices of a graph G have same colors in G and Id{G) under 
some 2-colorings. Let uv be an edge of Id{G). Then u and v are in different colors in Id{G) 
under a 2-coloring. If the vanishing number of uv is an odd number, then u and v have the 
same colors in G. Thus u or v differs by color in G from Id(G). This contradicts our assumption. 
Hence all edges of Id(G) have even vanishing number. Other part of this theorem is obvious. □ 

Theorem 5.3 A graph G is k-colorable with k > 3 and the strong vertices of G can have the 
same colors as in Id{G) under a k-coloring if 1 d(G) is k-colorable. 

Proof Let Id(G) is fc-colorable with k > 3. Assign the same colors for the strong vertices 
of G as in Id(G) under a /c-coloring. Then for the weak vertices which are lying in the path 
of connecting strong vertices, we can use 3 colors such that G is fc-colorable and the strong 
vertices of G can have the same colors as in Id{G). □ 

Corollary 5.4 For any graph G,y(G) < x(/<j(G)) < pid- 

Proof Proof follows from Theorem 5.3. □ 
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